The indentation response of polymer spherical shells is investigated. Finite deformation analyses are carried out with the polymer characterized as a viscoelastic/viscoplastic solid. Both pressurized and unpressurized shells are considered. Attention is restricted to axisymmetric deformations with a conical indenter. The response is analyzed for various values of the shell thickness to radius ratio and various values of the internal pressure. Two sets of material parameters are considered: one set having network stiffening at a moderate strain and the other having no network stiffening until very large strains are attained. The transition from an indentation type mode of deformation to a structural mode of deformation involving bending that occurs as the indentation depth increases is studied. The results show the effects of shell thickness, internal pressure and polymer constitutive characterization on this transition and on the deformation modes in each of these regimes.
Introduction
There has recently been a great deal of interest in measuring mechanical properties by indentation of shells under internal pressure. Thus, Vella et al. (2012a) have studied both polymeric capsules and yeast cells, and Milani et al. (2011) have studied the cell wall in living shoot apical meristems (SAMs), which are highly organized structures that contain the plant stem cells. For the cells the experiments are based on microindentation techniques, using atomic force microscopy (AFM). Vella et al. (2012a) also analyze the relation between indentation depth, indenter force and internal pressure, using linear shallow shell theory, or nonlinear shell theory in cases where the indentation depth is much larger than the shell thickness. Kol et al. (2006) used indentation to investigate the mechanical properties of a leukemia virus particle and carried out elastic finite element calculations to use in conjunction with the experimental measurements to quantify virus particle stiffness. Zelenskaya et al. (2005) used atomic force microscopy together with indentation analyses to understand the mechanical behavior of cochlear hair cells. Ogbonna and Needleman (2011) carried out a numerical study for indentation of thickwalled elastic spherical shells using finite strain elastic theory to be able to represent the geometry changes during bending, as well as the initial indentation response, where bending is not yet noticeable. A variety of studies have been carried out investigating the indentation of thin shells, e.g. Fitch and Budiansky (1970) ; Vaziri and Mahadevan (2008) ; Vella et al. (2012a,b) ; Nasto and Reis (2014) , with attention directed to the emergence of nonaxisymmetric deformation mode and with the focus on elastic material response. Here, we focus on indentation of relatively thick spherical shell and confine attention to axisymmetric deformations. We carry out our analyses using full finite deformation kinematics and a material constitutive relation including viscoelastic and viscoplastic material response.
The constitutive relation used for the finite strain behavior of the polymers is mainly adopted from Wu and Van der Giessen (1996) and models proposed by Boyce et al. (1988) and Boyce et al. (1990) . The indentation analyses first considered material parameters that give a reasonable approximation of tensile tests for high-density polyethylene, and subsequently indentation was analyzed for a number of different parameter sets that represent other polymers. In the analyses the effect of viscoelasticity is modeled following discussions by Anand and Ames (2006) . This material model was used by Needleman (2011, 2012) in full 3D numerical analyses of indentation into a polymer half-space by conical and pyramidal indenters.
For metals it is well known that the hardness is about three times the yield strength (Johnson (1970 (Johnson ( , 1985 ), but such high hardness values are not found in the analyses of polymer indentation. Recently, Needleman et al. (2015) have studied indentation of elastically soft or plastically compressible solids, and these results show that a hardness around 1.1 times the yield stress is consistent with a polymer having Youngs modulus around 19 times the yield stress. Plastic analyses of shell indentation aimed at structural applications have been carried out, including the work of Morris and Calladine (1971) on indentation of cylindrical shells using upper bound analyses. Analyses of shell plastic indentation aimed at structural applications include the work of Morris and Calladine (1971) on indentation of cylindrical shells. They used their results to delineate between an elasticity dominated regime where snap-through occurs and a plasticity dominated regime where it does not occur.
The indentation studies of Needleman (2011, 2012) also considered the spherical cavity model, which was suggested by Bishop et al. (1945) as an alternative approach to elastic-plastic indentation, and later carefully discussed by Johnson Johnson (1970 , 1985 . It was found that also for the polymers this simpler 1D model with spherical symmetry gives a good approximation of the indentation hardness for indentation into a half-space.
A basic question for indentation into shells is the extent to which the indentation hardness (indentation force/some measure of contact area) provides a measure of a material property or reflects the overall structural response, including the shell geometry and the internal pressure (if any).
In the present paper we confine attention to the indentation of spherical shell by conical indenters. The cases analyzed include various thickness to radius ratios and various values of internal pressure. Also, two sets of the material parameters from Tvergaard and Needleman (2012) are used in the calculations: one, termed material G has network stiffening come into play at a strain of about 0.3 while the other termed material A does not undergo network stiffening until very large strains.
For sufficiently small indentation depths, we expect the indentation response to be the same as for a half-space. For larger indentation depths, the overall structural response of the shell, as well as the material response, comes into play. The effects of the two constitutive characterizations and of the value of the prescribed internal pressure on the indentation responses in these two regimes and the transition between them is investigated.
Constitutive Relation
The constitutive relation used in the calculations is mainly adopted from Wu and Van der Giessen (1996) and is based on models proposed by Boyce and co-workers, see (Boyce et al., 1988 (Boyce et al., , 1990 Arruda et al., 1993; Mulliken et. al., 2006) . The specific formulation and implementation used in the calculations are those used in Tvergaard and Needleman (2011) where further details and additional references are given.
The rate of deformation tensor is written as
with
where σ is the Cauchy or true stress, a superposed (ˆ) denotes the Jaumann rate and K is the isotropic tensor of moduli with elastic constants Young's modulus E and Poisson's ratio ν. The expression for D e in Eq. (2) is a hypoelastic relation and is not, in general, a path independent hyperelastic relation. Attention here is confined to circumstances where the elastic strains remain relatively small.
The viscoplastic term, D p1 , is given by
with ( ) ′ denoting deviatoric quantities with, for example,
with I the identity tensor and tr( ) the trace of a tensor. The scalar plastic strain rateγ p1 is given bẏ
with the last term in Eq. (5) included so thatγ p1 = 0 when τ = 0.
3 The material parameter s in Eq. (5) has the initial value s 0 and is taken to evolve aṡ
The back stress b is given by Arruda et al. (1993) ,
where B = F · F T , with F being the deformation gradient, and
The value of √ N defines a limit stretch such that when λ c approaches √ N the hardening rate grows very large, modeling increased network stiffness.
In the manner of Anand and Ames (2006) we include a second term, here taken to be the term D p2 to model linear rate dependence via
At t = 0, c = 0 and we take the evolution equation for c to bê
whereγ p2 and µ p2 are material constants, andγ p2 iṡ
The inclusion of D p2 allows a rate dependent response at relatively small strains to be modeled. Due to this term the initial slope of a uniaxial stress-strain curve increases for increasing rate of deformation. The viscoplastic term D p1 will dominate at large strains. Combining Eqs. (1) and (2) giveŝ
The calculations are carried out for two sets of material parameters, termed Material A and Material G in Tvergaard and Needleman (2012) . For both materials Young's modulus and Poisson's ratio are taken to be E = 760 MPa and ν = 0.42 and the viscoelasticity parameters in Eqs. (1) and (11) areγ p2 = 1/100(MPa s) −1 and µ p2 = 1. Also, ρ = 960 kg/m 3 , m = 0.2,γ 0 = 8.94×10 3 s −1 , ∆G = 3.744×10 −19 J, α = 0.08 and k = 1.3810 −23 J/K, with the temperature T = 298 K . The remaining material parameters are given in Table  1 . The homogeneous uniaxial compression stress-strain response of these two materials is shown in Fig. 1 . 
Problem formulation and numerical method
We consider a spherical shell indented by a sharp indenter, possibly after being subject to a prescribed internal pressure. Attention is restricted to axisymmetric deformations. The loading is applied in two phases: (i) the internal pressure p is increased monotonically until a specified pressure is reached; and (ii) the sphere is then indented along the axis of symmetry by a conical indenter (see Fig. 2 ). In the computations symmetry about the central plane is assumed, so that the results correspond to simultaneous indentation at two opposite poles of the shell.
The calculations are based on the dynamic principle of virtual work written as
where τ ij are the contravariant components of Kirchhoff stress on the deformed convected coordinate net (τ ij = Jσ ij , with σ ij being the contravariant components of the Cauchy stress and J the ratio of current to reference volume), n r and u j are the covariant components of the reference surface normal and displacement vectors, respectively, ρ is the mass density, g ij are the covariant components of the reference metric tensor, ( ) ,i denotes covariant differentiation in the reference frame, and Ω and S are the volume and surface of the body in the reference configuration. All field quantities are considered to be functions of convected coordinates, y i , and time, t. During the indentation phase, the rate boundary conditions arė
where h is the indentation depth, S contact denotes the portion of the surface of the sphere in contact with the indenter, (˙) denotes differentiation with respect to time anḋ
The indentation initial/boundary value problem is illustrated in Fig. 2 . In all indentation calculations, the angle β is taken as β = 19
• . Although, a deformed configuration is shown in Fig. 2 , R i and R o are the initial, undeformed inner and outer radii, respectively. The shell thickness, denoted by ∆R is given by ∆R = R o − R i . A polar coordinate system is used in the reference configuration with y 1 = r, y 2 = θ and y 3 = z. Since attention is restricted to axisymmetric deformations, all field quantities are independent of θ. The quantity r con is the contact radius, defined as the largest distance in the deformed configuration from 6 the symmetry axis where the indenter and outer surface of the shell are in contact and S contact = πr 2 con . The finite element implementation uses eight node quadratic elements with four point Gauss integration except for the mass matrix where nine point Gauss integration is used.
Numerical results

Plane strain and axisymmetric compression
As seen in Fig. 1 both material A and material G undergo softening in homogeneous compression. The unique solution for a homogeneous material in both uniaxial compression and plane strain compression is a state of uniform stress and strain. Material G differs from material A in that it rehardens at a strain of ≈ 0.25 while material A does not reharden until very large strains have taken place. As is well-known, softening promotes the localization of deformation. However, the propensity to form a localized deformation mode is very deformation state dependent. In particular, a plane strain state is readily susceptible to localization while axisymmetric states are quite resistant to localization, see e.g. Rice (1977) . For rate dependent materials, an initial inhomogeneity is needed to trigger localization if it is to occur.
Calculations of plane strain and axisymmetric compression were carried out for materials A and G. An initial imperfection consisting of a value of s 0 of 0.9 times the value in the remainder of the specimen was prescribed in the element at the center of the specimen. The specimen has length 2L 0 , width 2w 0 for plane strain compression and radius w 0 for The computed stress-strain response is shown in Fig. 3(a) for plane strain compression and in Fig. 3(b) for axisymmetric compression. In plane strain compression, Fig. 3(a) , material A undergoes a strong load drop at ǫ ≈ 0.07 whereas the stress-strain response for material G differs little from that for a homogeneous solid. On the other hand, in axisymmetric compression the response for neither material shows a strong load drop.
The deformation modes for materials A and G for plane strain compression are shown in Fig. 4 . For material A the deformations show localization in a narrow band with a corresponding steep decay of the load. For material G the deformations show traces of an early attempt to localize, but this has been stopped at an early stage by network stiffening. For axisymmetric compression, Fig. 5 , the deformations remain nearly homogeneous with no evidence of a localized deformation band.
The deformation state dependence of the the tendency for deformations to localize affects the shell indentation response, as will be seen subsequently. The pressure-volume response of materials A and G is shown in Fig. 6 for three values of shell thickness, ∆R/R o = 0.05, 0.1, 0.2. Here V is the current volume enclosed by the inner radius of the shell, V 0 is the corresponding initial volume and p is the pressure acting on the inner shell surface. In these calculation, the deformations constrained to be spherically symmetric by imposing spherically symmetric displacements on the inner shell surface. For material A, the values of the maximum pressure are 2.5, 5.2 and 10.6 MPa, for ∆R/R o = 0.05, 0.1, 0.2, respectively, while the corresponding pressure maximum values are 2.8, 5.7 and 11.6 MPa for material G. For both material A and material G, the variation of the maximum pressure with ∆R/R o is linear over the range of shell thicknesses considered. Also, the values of the pressure maxima for material G are about 10% greater than those for material A for all three values of ∆R/R o .
Spherical expansion
Indentation
Indentation calculations, as illustrated in Fig. 2 , were carried out for the three values of the shell thickness to outer radius ratio, ∆R/R o , in 
Shell effect
Indentation into a half-space was modeled in Tvergaard and Needleman (2012) for eight sets of polymer material parameters including those associated with materials A and G. For indentation into a shell, we expect that the indentation hardness will be the same as for a half-space for a sufficiently small indentation depth. At some indentation depth, the effect of the shell geometry will come into play, as the indentation force becomes large enough to deform the shell. In order to explore this transition calculations were carried out for both material A and material G for a shell having a thickness to outer radius ratio ∆R/R o = 0.2 with p = 0. A finite element mesh was used consisting of 240 × 500 (r × θ) eight node elements with a fine uniform mesh of 80 × 100 eight node elements used in a region of depth 0.006R o and extent 2
• near the indenter tip so that there are 722, 962 degrees of freedom. stages. The difference in the evolution of the hardness is associated with the difference in deformation mode for these two materials.
The distributions of plastic strain rateγ p1 in Fig. 8 show the deformation modes for material G at h/R o = 0.031 and h/R o = 0.071. If we normalize the indentation depth with the shell thickness, h/R o = 0.031 and h/R o = 0.071 correspond to h/∆R = 0.093 and h/∆R = 0.213. At h/R o = 0.031, the hardness and rate distribution are similar to those for indentation into a half-space. On the other hand, at h/R o = 0.071, the hardness has decreased to 99 MPa, a decrease of about 20%, and the deformation mode has a considerable bending component, partly seen by the deviation of the inner surface from spherical. For material G there is a smooth transition from a pure indentation deformation mode to the one involving bending between h/∆R about 0.1 and 0.2.
The evolution of the deformation for material A is quite different as shown in Fig. 9 .
For a sufficiently small indentation depth, h/R o = 0.025 in Fig. 9a , the deformation mode is similar to that for indentation into a half-space, as is the case for material G. Subsequently, when the plastic strain rate concentration reaches the inner radius, a shell deformation mode involving bending comes into play (h/R o = 0.063, Fig. 9b ), again as for material G. Then, because for material A, network stiffening only plays a role at very large strains, the extensive softening results in the emergence of a localized deformation band. The strain rate is concentrated in this band and, as seen in Fig. 9c , it leads to a step on the inner radius.
As deformation proceeds and the deformations in this band become very large, deformation shuts down in this band and a second band develops. The development of the localized deformation bands is what gives rise to the rather abrupt drops in hardness for material A with one occurring at h/R o ≈ 0.06 and another at h/R o ≈ 0.07. It is worth noting that when localization of deformation occurs the mode of deformation deviates significantly from that associated with indentation into a half-space. This is consistent with the lack of occurrence of localization of deformation in the indentation calculations in Needleman (2011, 2012) . It is worth noting that although the values of H in Fig. 7 for small h/R o differ for materials G and A, the value of indentation depth h/R o at which the value of H begins to decrease noticeably is nearly the same for these two sets of material parameters, at about h/R o = 0.04.
It is known that the occurrence of pile-up or sink-in is important for indentation hardness calculations. These effects are fully accounted for in the present computations, which are full finite strain analyses. However, for indentation into a curved surface it is difficult to define sink-in and pile-up. During indentation the surface translates in the indentation direction and does not remain spherical, so the choice of reference surface is not clear. But it is noted that previous analyses for indentation in a half-space (Tvergaard and Needleman, 2011) have shown sink-in. The contact model used in the present analyses, as well as the previous study, is based on assuming sticking contact. Thus, when a surface point has come in contact with the indenter, it translates with the indenter without sliding.
Effect of shell thickness and internal pressure
The calculations exploring the effects of internal pressure p and shell thickness ∆R/R o are carried out with fewer elements than those in Section 4.3.1 so that an accurate representation of the indentation deformation fields at small indentation depths is not obtained. Specifically, the calculations in this section with ∆R/R o = 0.2 were carried out with 20 × 46 (r × θ) eight node elements with a fine mesh entirely through the shell thickness (20 elements) and having 24 elements in the interval 90
• ≥ θ ≥ 75 • . Fig. 10 compares the hardness H versus normalized indentation depth h/R o responses obtained with the fine (722, 962 degrees of freedom) and coarse (5786 degrees of freedom) meshes. The much larger oscillations in the response in the coarse mesh calculations are due to the larger elements coming into contact with the indenter. The mean value of the coarse mesh curves are a bit above those of the fine mesh curves but the overall responses are in rather good agreement, particularly for material G. For material A, the first load drop obtained in the coarse mesh calculation is in fairly good agreement with that of the fine mesh calculation but the second load drop is significantly delayed. the locations of the first and second shear bands that formed. Comparison with the fine mesh plots in Figs. 9c and 9d shows that the locations where these intersect the inner shell radius are in good agreement. In the coarse mesh calculation, the deformation bands are one element thick. It is worth noting that in the fine mesh calculation the first shear band is two to three elements thick. The second shear band in Fig. 9d is also two to three elements thick through about 2/3 of the the shell thickness and then narrows down to one element thick near the inner radius. sequently, as more elements come into contact with the indenter, the oscillations become much smaller. Presuming that, for fixed material properties, the transition from an indentation dominated deformation mode to one involving considerable bending deformations takes place, at least approximately, at a fixed value of the ratio of indentation depth h to shell thickness ∆R, the transition for ∆R/R o = 0.05 is expected to occur at about h/R o = 0.01 and at about h/R o = 0.02 for ∆R/R o = 0.1. Thus, in Fig. 12 when a sufficient number of elements have come into contact with the indenter for the deformation mode to be re- solved, the bending dominated mode has already developed for these two values of the shell thickness. However, even with the oscillations it is seen in Fig. 12c , where ∆R/R o = 0.2, that the decrease in indentation hardness H associated with the emergence of the bending dominated deformation mode takes place at about h/R o = 0.04 for all three values of p, as was also seen in Fig. 10a for p = 0.
Despite the oscillations it is clear that in the early stages of indentation, the stiffest response is for p = 0 whereas in the later stages the softest response is with p = 0. The reason for this is that during the initial pressurization, the shell material is prestrained so that plastic deformation occurs earlier in the deformation history whereas at large strains the internal pressure induces shell stresses that act to resist bending.
The effect of internal pressure on the plastic strain distribution for material G with ∆R/R o = 0.05 is shown in Fig. 13 at the last stage of each computation. The largest plastic strains in Figs. 13a and 13b (p = 0 and p = 1.1 MPa, respectively) are at the inner shell radius indicating a mainly bending mode of deformation. On the other hand, in Fig. 13c , where p = 2.2 MPa, the largest plastic strains are near the indented surface.
In Fig. 14 , with h/R o = 0.2, the largest values of γ p1 are seen in Fig. 14c where p = 8.8 MPa. This is a consequence of the more extensive deformation occurring during the shell pressurization phase of the loading. Nevertheless, the lowest value of the indentation hardness still occurs for p = 0. Fig. 15 shows curves of indentation hardness, H, versus indentation depth h for material A for the same values of shell thickness to external radius ratio, ∆R/R o , and internal pressure p as in Fig. 12 . The response in Fig. 15a where ∆R/R o = 0.05 is similar to that in Fig. 12a in that the case with p = 0 gives the largest value of H at a given h/R o for small values of h/R o and the smallest value of H for larger values of h/R o . For ∆R/R o = 0.1, Fig. 15b , the qualitative nature of the hardness versus indentation depth response is also similar to that obtained for material G in Fig. 12b . However, for material A, the calculations were terminated at a smaller value of h/R o than for material G. The main difference in the hardness versus indentation depth response between materials A and G occurs for ∆R/R o = 0.2. In particular, for p = 0 the drop in hardness due the localization of deformation is very clear in Fig. 15c . The earlier load drops, signaling localization of deformation, for the cases The distributions of hydrostatic stress, σ h defined in Eq. (4), in the region analyzed are shown in Fig. 16 for material A with ∆R/R o = 0.2 and with p = 0 and p = 8.8 MPa.
As seen in Fig. 16(a) , with p = 0 σ h , which is the mean value of the principal stresses, is negative over much of the shell whereas σ h is positive over a large region with p = 8.8 MPa in Fig. 16(b) . The plastic strain distributions in Fig. 17 show the transition in deformation mode from being essentially bending dominated at low values of the internal pressure to indentation dominated at the largest value of internal pressure computed, p = 2.2 MPa. For this thin shell there is no indication of a localized mode of deformation developing over the range computed.
On the other hand, with ∆R/R o = 0.2 in Fig. 18 , as seen previously, with p = 0 the deformation mode that develops involves a series of bands of highly localized deformation. With p = 4.4 MPa, there is an indication of a localized deformation mode developing that differs from the one that occurs with p = 0. However, with p = 8.8 MPa, Fig. 18c , the deformation mode exhibits no tendency to localize, at least over the range of deformations calculated.
The distributions of strain rate for material A with ∆R/R o = 0.2 in Fig. 19 for p = 4.4 MPa and p = 8.8 MPa indicate that the bending dominated mode of deformation essential involves deformation in an axisymmetric viscoplastic hinge. This hinge travels away from the axis of symmetry as deformation proceeds. With p = 0 in Fig. 11 the deformations localize within the hinge. For p = 4.4 MPa and p = 8.8 MPa, the internal pressure seems to inhibit the development of localization.
Discussion
For the analyses of indentation into a spherical shell the hardness obtained should initially be identical to that for indentation into a half-space, as long as the indentation depth is so small that the resulting indenter force gives only negligible deformation of the shell geometry. The results for the rather thick-walled shell have shown (Fig. 4 ) that this is a very good approximation as long as the indentation depth is less than about 0.15 times the shell thickness. In this range the plastic zone is limited to a small region around the indenter. However, for larger indents the plastic zone gradually reaches out to the other side of the shell wall, and then deformations of the shell geometry are clearly seen by deviations of the inner shell surface from spherical.
Both of the polymers considered here are prone to localization of plastic flow when the stresses pass the initial sharp peak on the stress strain curve, but for material G an attempt to localize is stopped early on as network stiffening sets in. Then, a band in material G will immediately start to broaden and will not look like a shear band localization. On the other hand, for material A network stiffening occurs at rather large strains and here the results for the thicker shell, ∆R/R o = 0.2 and p = 0, show localized shear bands across the shell wall, both in the analyses using a very fine mesh and in those using a coarser mesh. When a shear band develops near the outer edge of the current indent in material A, this gives a rather sudden reduction of the hardness, i.e. a reduction of the total indenter force. During further indentation the force builds up again until a new shear band develops at the new outer edge of the indent. The shear band localizations found in the thicker shell for material A are stress state dependent. For no internal pressure there are shear bands, but for the largest internal pressure considered here no shear bands are found. It is noted that the internal pressure results in biaxial tensile hoop stresses in the shell, which are present before indentation starts to give shear stresses in the shell wall. For comparison, analyses were carried out for the same level of negative internal pressure, which gives compressive hoop stresses in the shell. Under these conditions the shell shows an earlier occurrence of shear bands than found for zero internal pressure.
For no internal pressure, as illustrated by the fine mesh calculations in Figs. 7, 8 and 9, there are no hoop stresses resulting from internal pressure. Fig. 9a , for material A, shows a very small indent, where the behavior is similar to indentation in a half-space, but there is no sign of localization. Afterwards, as the hardness H is nearly constant in the beginning, the indentation force P grows approximately in proportion to r 2 con , and therefore the average shear stress on a cylindrical cross-section of the shell below the outer edge of the indenter will grow approximately in proportion to r con . At a certain critical level of this shear stress a shear band forms across the shell wall. This relaxes the average shear stress, but after a bit more indentation the shear stress at the larger current r con again reaches the critical level and a new shear band forms, etc. The results show that this shear localization is very sensitive to the stress state resulting from an internal pressure. According to Fig. 15c , these shear bands occur at lower spacing for negative internal pressure, and not at all for positive pressure. It is noted that for material G no shear localization is found at all, since here the strains quickly reach network stiffening in the more deformed broad band (Fig. 8b) , which prevents localization.
For the thinnest shell analyzed, ∆R/R o = 0.05, no shear bands are found, even in the case of material A. Here the much reduced bending stiffness of the shell wall gives reduced indent forces, which will reduce the shear stresses in the wall. For these thin-walled shells the internal pressure gives a dominant contribution to the load carrying capacity. With no internal pressure the thin shells show a large radius of contact with the indenter (Figs. 13a  and 17a) , while for the largest internal pressure considered the radius of contact with the indenter is much smaller, at about the same value of the indentation depth (Figs. 13c and  17c ). For the largest internal pressure considered the thin shells behave more like a balloon, where most of the indentation depth results from general shape changes of the loaded balloon, i.e. a thin shell, see for example Nasto and Reis (2014) .
Although the indentation response of the shells depends on material properties, shell thickness and the internal pressure, for p ≥ 0 in both Figs. 12 and 15, the value of the hardness H is nearly independent of p for h/R o = 0.1 for both materials. We will use the value of H at h/R o = 0.1 as an indicator of the scaling with shell thickness. For material G, Fig. 12 The studies for the thin shells analyzed here have some relevance to indentation studies for yeast cells and other natural cells (Vella et al., 2012a; Milani et al., 2011) , where the purpose is to get some information on the mechanical properties of the cell wall and the turgor pressure within the cell. Smith et al. (2000) have described yeast compression tests for a Saccharomyces cerevisiae where the thickness to radius ratio is specified as 0.03 to 0.04, i.e. only slightly smaller than the thickness to radius ratio of the thinnest shells analyzed here. Vella et al. (2012a) have proposed using a shallow shell theory as long as indentation gives only small deflections of the cell wall, and for deflections much larger than the shell thickness they have proposed neglecting the bending stiffness so that the shell wall is treated as a membrane where the resistance to indentation results only from the internal pressure combined with the effect of large geometry changes. It is noted that the model used here accounts fully for both small and very large deflections without neglecting the bending stiffness. The model also accounts for the thickness changes and the shear strains, which are present near the tip of the indenter but which are not represented by standard shell theory.
